We study strong optical coupling of metal nanoparticle arrays with dielectric substrates. Based on the Fermi Golden Rule, the particle-substrate coupling is derived in terms of the photon absorption probability assuming a local dipole field. An increase in photocurrent gain is achieved through the optical coupling. In addition, we describe light-induced, mesoscopic electron dynamics via the nonlocal hydrodynamic theory of charges. At small nanoparticle size (<20 nm), the impact of this type of spatial dispersion becomes sizable. Both absorption and scattering cross sections of the nanoparticle are significantly increased through the contribution of additional nonlocal modes. We observe a splitting of local optical modes spanning several tenths of nanometers. This is a signature of semi-classical, strong optical coupling via the dynamic Stark effect, known as Autler-Townes splitting. The photocurrent generated in this description is increased by up to 2%, which agrees better with recent experiments than compared to identical classical setups with up to 6%. Both, the expressions derived for the particle-substrate coupling and the additional hydrodynamic equation for electrons are integrated into COMSOL for our simulations.
Introduction
Nanotechnologies strive for higher confinement of both photons and electrons in narrower structures, at sharper tips and in smaller gaps. Localized interactions at nanosized features can hereby strongly influence the optical properties of a large-scale structure in the interplay with long-range collective modes and retardation. Amongst the remaining challenges that computational nanophotonics faces today is the efficient introduction of quantum effects into classical electrodynamics methods, maintaining the advantages of existing numerical schemes while bridging the gap between classical and quantum theory.
One crucial parameter affecting the efficiency of solar cells is the absorption rate of the solar spectrum impinging on their surface. It was shown experimentally that the efficiency of the photo-effect increases due to the deposition of metal nanoparticles (MNPs) on the photoactive surface [1] [2] [3] for light emitters [4] [5] [6] [7] [8] , in catalytic [9] [10] [11] and photovoltaic devices [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . Such an enhancement can also be achieved through indirect effects in combination with, e.g., energy conversion in photoluminescent materials [27] [28] [29] [30] [31] and dielectric nanostructures [32] [33] [34] [35] [36] [37] . These studies have advanced tremendously thanks to improvements in the fabrication of nanostructures [38] [39] [40] [41] [42] [43] [44] , such as nanowires, nanoantennas and hybrid metal-dielectric designs [45] [46] [47] [48] [49] .
Three main mechanisms explaining these phenomena were proposed [23, 26] : (i) efficient forward scattering of light and an increased optical path length inside the photoactive region [14, 15, 25] , (ii) strong plasmon-semiconductor near-field coupling [8] and (iii) direct transfer of "hot" carriers into the semiconductor substrate [24, 36] .
While the observed scattering effects can be described with classical linear electrodynamic theory for most applications, the coupling between plasmon oscillations and semiconductor states, and the energy transfer related to "hot" carriers are best captured within quantum mechanics. In particular, the particle size and interaction volume in the systems under study, see Figure 1A , reach down to only a few nanometers. Due to this spatial confinement in the metal nanostructures, it is necessary to account for short-ranged electron-electron interactions and include aspects of mesoscopic, light-induced electron dynamics [50] [51] [52] [53] [54] . However, most numerical models rely on the classical description of metals using a frequency-dependent permittivity, thus neglecting effects arising from quantum confinement. Our work aims at an integrated, semi-classical, multiscale approach to hybrid, functionalized interfaces [55, 56] which allows studying complex nanostructures subject to non-classical effects sufficiently versatile and rapid, maintaining the advantages of standard methods in computational nanophotonics. In this article, we present a model of plasmon-enhanced solar cells based on the microscopic description of the interaction between plasmon excitations inside MNPs and the semiconductor states using the Fermi Golden Rule [8] . A modified dielectric function of the semiconductor is derived by calculating the photon absorption probability in the presence of the dipole field arising from the plasmon oscillation. This enables us to compare with calculations accounting for scattering effects. In addition, we assume both local and nonlocal electron dynamics in the strong optical coupling model, i.e., the dipole near-field. In the first, local case the dielectric function of metal is assumed to be spatially constant, i.e., D( r, ω) = ε 0 ε(ω) E( r, ω), while in more general, nonlocal case we account for spatial dispersion of it, i.e., ε = ε( r, r , ω) and we have D( r, ω) = ε 0 ε( r, r , ω) E( r , ω)d r . The light-induced, mesoscopic properties of the electron-electron interaction are derived from the semi-classical hydrodynamic approach [52, 57] . Both strong coupling and nonlocality are inherently nonlinear effects.
N P s e p a r a t i o n Λ
We find a strong increase in the photon absorption and, thus, a significant contribution of the plasmon-semiconductor coupling to the photocurrent. Furthermore, accounting for non-classical electron interaction effects in the dipole field of the metal nanoparticle, we observe a splitting of the local resonance into two sharp resonances which increase both the absorption and scattering cross section around the original local resonance. In our semi-classical treatment of the plasmon oscillation, we attribute this behaviour to the dynamical Stark effect, known as Autler-Townes splitting [58] [59] [60] , which occurs due to nonlinear interactions between light and matter [61] . Electric fields affect the optical interband properties of semiconductors and, in particular, fields in the THz energy range can couple conduction or valence subbands [62, 63] . In our system, the dipole field of the metal nanoparticle strongly acts on a finite volume within the Si substrate, allowing for localized transitions. Together with the nonlinear electron interactions and additional modes accounted for in the nonlocal theory [57] this yields strong spectral shifts of the photon absorption around ±80 meV (±14 nm) away from the resonance observed with local electron dynamics. Typically, the quantum confined Stark effect is used in telecommunications, quantum-well modulators and switches [64] . Our findings are of interest for a broad range of plasmon-assisted technologies beyond photovoltaics, including spectroscopy, sensing, microscopy and catalysis.
The article is organized as follows. The next section discusses the nanoparticle-substrate coupling and introduces the related analytic expressions. In Section 3, we briefly present the modifications accounting for electron-electron interactions in the plasmonic nanoparticle, such as Coulombic force and Lorentz friction [51, 65] . The implementation of the hydrodynamic model into the commercial software COMSOL Multiphysics 5.0 (http://www.comsol.com) is outlined. We discuss our findings in detail in Section 4.
Optical Coupling of Nanoparticle and Substrate
Our derivation of the semi-classical coupling between a plasmonic particle on an Si substrate is based on the following assumptions. The presence of the semiconductor in the vicinity of MNPs provides an additional damping channel of the plasmon energy via coupling to the semiconductor band states. We consider a simple parabolic band semiconductor model. The plasmon coupling to the semiconductor can be described as a driven and damped oscillator, where the driving force is the electromagnetic field of the incident plane wave, and the damping force is the near-field energy transfer to the semiconductor. For this, we consider that the field generated by the plasmon oscillation is dipole radiation, i.e., we restrict ourselves to a regime where the near-field coupling is the most important, while medium-and far-field contributions are neglected. This is justified as long as the particle size is much smaller than the incident wavelength a λ. Furthermore, we will use these results for metal particle arrays on Si substrates, which is justified as long as the particle size is also much smaller than the interparticle separation a Λ. With this, we calculate the photon absorption probability δw within the Fermi Golden Rule approach for a dipole near-field via
Hereby, k 1 ( k 2 ) is the momentum of the holes (electrons) and W defines the coupling between the subbands. With this, we obtain the absorption coefficient
where E e = | S| cos θ is the irradiance and θ is the angle between the Poynting vector S and the vector normal to the semiconductor surface. The coupling matrix W depends on the environment.
Without nanoparticles, it is governed solely through the incident planar electromagnetic wave with vector potential A 0 W = ih e m n e i(ωt− k r) A 0 · ∇ (3) and the properties of the semiconductor via the effective electron mass m n . This changes in the presence of the dipole field of a nanoparticle with radius a and bulk plasma frequency ω p to
where terms W + and W − corresponds to the absorption and emission of photons, respectively and have the form
where φ is a phase factor. Hereby, 0 is the vacuum permittivity, R is the distance form the dipole axis and n the surface normal of the substrate. The dipole moment D 0 is analytic for a spherical nanoparticle and local electron dynamics, namely
3 is the related Mie frequency of the dipole and E = iω A 0 e i(ωt− k r) is the incident field at frequency ω as before.
In our case, we calculate the plasmonic dipole amplitude D 0 from the formula for total power of the dipole radiation, which allows us to account for either local or nonlocal electron dynamics
by integrating the Poynting vector S over the electromagnetic field at the nanoparticle surface Σ for either case. For the ordinary photo-effect without nanoparticles, Equation (3), the above approach yields
The probability of photon absorption by the semiconductor substrate in the vicinity of the MNP results in [8] :
Both expressions reflect the semiconductor band gap E g and the effective masses of the electrons m n and holes m p , respectively, via µ = m p m n m p +m n . From this, we calculate the absorption coefficient. Figure 1B shows the increase of the photo-effect effect due to the presence of a single gold nanoparticle.
The ratio of these probabilities with and without MNPs deposited on the surface of the semiconductor defines the photocurrent gain
where N m is the number of MNPs and β is a factor accounting for any additional effects, such as deposition separation and surface properties reducing the coupling strength [8] . Likewise, the absorption enhancement is defined as
where
is imaginary part of the modified dielectric function of Si with (ε m ) and without (ε 0 ) MNPs on the top. The numerical evaluation with COMSOL uses for the photocurrent gain
integrating over the solar spectrum F(λ).
In the balanced state, we consider the stationary solution of a driven and damped oscillator, which yields for the second term
where C 0 = n s 4πa 3 /(3H), n s is the MNP density, H is the depth of Si layer. Since we consider the near-field close to the Si surface, H = 200 nm is sufficient to calculate the localized quantities.
The damping force f (ω) = The nanoparticle-substrate coupling is studied in Figure 2 in terms of the electromagnetic field distribution for two particle sizes at an incident wavelength of λ = 500 nm. As expected, high local field enhancement in the gap between nanoparticle and substrate is achieved. A closer look at the power flow in the lower panel of Figure 2 reveals the penetration depth of the coupling into the photo-active substrate. 
Light-Induced Electron Dynamics
While first principle methods can accurately describe atomistic matter, they are strongly restricted in the maximum system size that can be described with available computers. Hence, the complex electromagnetic field distributions arising from functionalized surfaces cannot be captured and the light-matter interaction is simplified to single particles [66] [67] [68] [69] . In recent years, experiments to verify effects stemming from the quantum nature of free electrons in metals [70] [71] [72] were made and theories pursued the extension of classical electrodynamics to scalable, semi-classical descriptions. In particular, a description of Lorentz friction in metals from Random Phase Approximation (RPA) [65, 73] , i.e., the loss of energy in the collective motion of electrons due to acceleration in the plasmon oscillation [53, 54, 65] , and short-ranged electron-electron interactions, such as the Coulomb force and diffusion, via the Generalized Nonlocal Optical Response model (GNOR) based on coupling the hydrodynamic equation for an electron plasma to the electromagnetic wave equation for bound electrons [52, 74, 75] was introduced. Such nonlocal effects are inherently nonlinear and have been reviewed with respect to nonlinear phenomena in Ref. [57] .
Its central idea is to treat the conduction band electrons as a plasma with the (linearized) Navier-Stokes equation, separate their dynamics from bound valence electrons and couple the electromagnetic wave equation with the hydrodynamic equation via the induced charge current. The semi-classical corrections include Coulomb interactions and diffusion effects [52] . This results in an additional excitation, longitudinal in character, which can be interpreted as a pressure-wave stemming from the electron charge. In comparison, in the case of the local model, only transverse TE and TM modes can be excited.
Simple geometries, such as nanoparticles (NPs), nanoshells and clusters described with nonlocal Mie coefficients [50] , and thin metal slabs and waveguides described with nonlocal Fresnel coefficients [76] show a remarkable nonlocal response only in the limit of small particles <10 nm and separations <1 nm. The impact of spatial dispersion is seen in terms of significant blueshifts of the surface plasmon resonance (SPR) by several tenths of nanometer as well as plasmon quenching. Furthermore, this approach was extended to go beyond the hard wall boundary condition lhs E lhs = rhs E rhs of standard electromagnetism to consider smooth electron density distributions at realistic metal surfaces in addition to electron-electron interaction [77, 78] . The interest in GNOR of nanostructures extends to many scientific fields and the hydrodynamic model was recently transferred to plasmonic crystals and extraordinary optical transmission (EOT) [74, 75] , coupled electron and hole dynamics in (doped) semiconductors [79, 80] , and coupled ion dynamics in electrolytes [81, 82] . In the latter two cases, both positive and negative charges are described as interacting plasmas in a two-fluid approach.
The hydrodynamic model can be implemented into the commercial software COMSOL Multiphysics 5.0 (http://www.comsol.com). In this work, we do so for 3D structures and earlier in Ref. [78] it was achieved for 2D nanowires. In order to include the nonlocal effects arising from spatial dispersion of the dielectric function, we modify the main equation of the COMSOL model
Here on the right side of the equation, we introduced the induced current density J( r, ω), which is obtained via coupling with the (linearized) hydrodynamic equation in the form
where β H is a hydrodynamic constant describing (in analogy to hydrodynamic) pressure in the electron plasma. Here we use β 2 H = 3 5 v 2 F , valid in high frequency limit (i.e., for ω γ), where v F denotes the Fermi velocity. Notice that in the limit β H = 0 the last equation simplifies to the Ohm law and describes the local case.
Comsol software allows introducing an additional partial differential equation in the weak formulation, by using the interface Weak form PDE. The equations take the form 0 = weakdL, where the integration is over the whole space of the model. The function which we integrate weakly has three components and reads for the x component:
where J x is the weight function. The equations for components y and z are formulated in a similar manner. We need to define an additional boundary condition on the particle boundary J · ê r = 0. The modified local dipole field of a metal nanoparticle is calculated and inserted in Equation (4) in order to switch from classical local to mesoscopic electron dynamics.
Results and Discussion
In practice, we study the influence of gold nanoparticle arrays deposited on the top of a Si substrate on the absorption in the dielectric in the framework presented above. In order to evaluate the derived equations, we use COMSOL Multiphysics 5.0 (http://www.comsol.com) with the Wave Optics module implementing the finite element method (FEM) to solve Maxwell's equations using the modified permittivity Equation (9) for the Si substrate coupled to plasmonic nanoparticles.
The calculations are conducted in two steps. In the first step, we calculate the electromagnetic field around the substrate without nanoparticles in response to the incident light wave defined on the top boundary of the mesh as a TM plane wave. Simultaneously, on the side boundaries of the computational cell, we apply Flouquet periodic boundary conditions. In the second step, we calculate the electromagnetic field distribution with Au NPs deposited on the top of a Si substrate within the scattered field formulation using the results from the first step as a background field.
The combined effect of the strong optical coupling between metal nanoparticles and the dielectric substrate together with nonlocal electron dynamics is shown in Figure 3 . The absorption and the scattering cross sections are shown for MNP arrays of a = 20 nm with several particle separations Λ. Hereby, the nonlocal electron-electron interactions in the metal nanoparticles become increasingly important for smaller particle separations, seen in a reduction and slight shift in the resonance of the photo-effect in the scattering efficiency and without significant effect in the absorption. Note that, next to the impact of particle size, the scattering cross section is larger for strong-coupling with additional electron dynamics, increasingly so as the particle size is reduced. This can be expected, as nonlocality becomes more important for structures with smaller features, where the surface-to-volume ratio is larger. This is further investigated in terms of the photocurrent gain in the substrate region in our simplified solar cell setup in Figure 4 . We study the influence of nanoparticle size (panels A and B) and the interparticle separation (panels C and D) in order to estimate the range of parameters for which the nonlocal effects significantly change the overall photocurrent gain. We have compared the strong coupling approach with the classical one. Without quantum corrections from the particle-substrate coupling, nonlocal electron dynamics enhances the photocurrent by up to 6%. On including the optical coupling via the Fermi Golden Rule, both theories yield significantly enhanced photocurrent and reduces the difference between classical and nonlocal theory to an enhancement of 1.5-2% due to the additional electron dynamics. Overall, the coupling theory allows quantifying the photocurrent gain to great agreement with recent experiments on solar cells [65] . The impact of mesoscopic electron dynamics becomes significant for true nanoparticles. In Figure 5 , we compare the absorption and scattering cross section for square nanoparticle arrays with an interparticle separation of 20 nm, reducing the NP radius from 20 nm to 12 nm in Figure 5A ,B. While there is a sizeable impact of nonlocality, it becomes even more visible in Figure 5C ,D, where we start to observe a splitting of the local resonance for particles of radius 6 nm and 8 nm strongly coupled to the semiconductor substrate. At the larger particle sizes, this is seen in the formation of a second peak at higher wavelengths, with only slightly shifting the main (local) resonance. The modes become evenly split spanning several tenths of nanometers, sharpened and largely enhanced with respect to the related local result.
We attribute the resonance mode splitting to the dynamical Stark effect, known as Autler-Townes splitting [58] [59] [60] . While strong coupling can by itself result in mode splitting, it is remarkable that we only observe this effect when the metal nanoparticle is described with mesoscopic electron dynamics. Nonlocal electron interaction in the hydrodynamic model is also a semi-classical approach and inherently nonlinear. It typically has an impact on particles with radii well below 20 nm. In the classical picture, with local electron dynamics, the incident field can excite two known transversal modes with opposite directions within the MNP. Nonlocal electron dynamics, however, allows for a third type of excitation, a longitudinal mode of a pressure-like electron density wave [50, 52, 76] . The strong optical coupling of the semiconductor states to this classically neglected excitation in small metal nanoparticles promotes the Autler-Townes splitting. We believe that these additional nonlocal modes are vital for this effect to be observed under solar irradiation. The shift observed in the presented simulations is around ±14 nm (ca. ±80-87 meV).
We study the mode splitting in more detail in Figure 6 showing the electromagnetic field in Figure 6A , B and charge distribution in Figure 6C , D at the two shifted resonances for the smallest particle size considered, a = 6 nm. It clearly shows a different mode pattern. Apart from the stronly localized charge and field at the particle-substrate interface, the modes spanning the nanoparticle can be characterised as a dipolar (at larger wavelengths) and quadrupolar (at lower wavelengths) distribution. Accounting for the additional nonlocal mode, the physical picture is thus: The incident electric field acts on the electrons and pushes them to different positions. If an electronic state has its electron displaced with the electric field direction, its energy is lowered, while its energy is raised if the electron is displaced against the field direction. 
Conclusions
We have presented an analytical and numerical approach to the modeling of plasmon enhanced solar cells including quantum corrections arising from coupling between plasmon and semiconductor states captured within Fermi Golden Rule.
There are two opposite phenomena influencing the plasmon enhancement in solar cells. The first one is connected to accounting for indirect transitions, according to Equation (6), preferring smaller MNP sizes. The second one is connected to generated field enhancement and favors larger particles.
Our model based on the Fermi Golden Rule predicts higher light absorption enhancements than a simple scattering model, which is in agreement with experimental measurements [65] . However, direct comparison of the photocurrent gain calculated with and without quantum corrections with the experimental results of the photocurrent gain for a Si photo-diode covered with Au NPs of different sizes and concentrations suggests that the electromagnetic field enhancement near the MNP results in too small values for the overall photocurrent enhancement to explain observed data.
The additional nonlocal effects in the electron-electron interaction modify the local dipole field used in the expressions to optically couple the nanoparticles with the substrate. This increases the overall enhancement by another few percent, depending on geometrical parameters, since such effects only play a role for very small particle sizes < 20 nm. In contrast, no change in the scattering and absorption spectra is visible for MNP radii a > 20 nm and separations Λ ≥ 12 nm, since the impact of nonlocal effects vanishes. However, it was shown that the impact of mesoscopic electron dynamics increases to larger structural parameters, when particle separation is reduced so that interparticle interaction becomes important [74, 75] .
Interestingly, an Autler-Townes splitting of modes is observed when nonlocal properties are included. We attribute this observation to the strong optical coupling with not only classical dipole modes, but additional nonlocal modes, which are longitudinal in character, since they describe pressure waves of the electron density. This allows for the dynamical Stark effect to occur and yields two distinct optical modes shifted by about ±80 meV away from the corresponding classical mode. Ultimately, we obtain a slight increase in the photocurrent gain due to this unexpected effect by up to 2%.
We hope that this study will raise the interest of scientists in photovoltaics, catalysis, optical fibres, plasmonic sensing and further related hybrid metal-semiconductor research.
